


















































Effect-Generalization for X- and C-validity

Step 1: Ask whether Effect-Generalization is possible [See Section 3]
* Evaluate required assumptions (Assumption 1 for X-validity; Assumption 4 for C-validity)

l if required assumptions hold

Step 2: Effect-Generalization
* Use one of the three classes of the T-PATE estimator [See Sections 5.1 and 5.2]

if required assumptions do not hold

Sign-Generalization under weaker assumptions [See Section 6]

Effect-Generalization for T- and Y-validity

Step 1: Design Experiments for T- and Y-validity [See Section 5.3]

* Design treatments and outcomes as similar as possible to their targets for Assumptions 2 and 3

if required assumptions hold
by the design of experiments

Step 2: Effect-Generalization
* No additional adjustment is required for T- and Y-validity in the analysis stage

if required assumptions do not hold

Sign-Generalization under weaker assumptions [See Section 6]

Figure 2: Summary of Effect-Generalization.
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challenging yet essential inference is possible, and we propose new methods to improve external

validity.
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Theorem A2 (Consistency of IPW Estimator)
Consider the following IPW estimator.
S 0m01{C; = ASTY; YR 071 6)1{Ci = c}Si(1 - 1Y,

Tiew = = - = ) 1)

SR 07:01{C; = ¢} SiT; SR 071 - 6)1{C; = ¢}Si(1 - T)

where 6; = Pr(T; =1 S; = 1,C; = ¢,M;, X;) is the treatment assignment probability known
from the experimental design. We use R to denote the sum of the sample size in the experiment

(n) and in the target population data (N). Then, as R — oo,
Tiew = Epe [Yi(T = 1,¢") = Yi(T = 0,¢)], (2)
when the sampling models are correctly specified, i.e., é\z 29, and 7 B ;.

Proof. By the weak law of large number, % Zil (9;%1-(51-1{6'1- = ¢}S;T;Y; LN E[0;m;0;1{C; =
¢}S;T;Y;] under the standard regularity conditions and the correct specification of the sampling

models.

= > ZE[M@M{Q = c}SiTiY; | M; = m, X; = x| Pr(M; = m, X; = x)
mGMxEX

= ZZ _C*|M‘=m7Xz‘=X)
vy P i =c|M; =m,X; =x)

[mél{CZ = C}SZTZYZ ’ Ml = m,Xi = X] PI‘(Mi =1m, Xl = X)

B Ci=c" | M;=m,X,; =x) o
- ZZ —c|M_mX—x)XPr( i =c|M; =m,X,; =x)

meM xex
[mé-S-TiYg | Ci = c,M; =m, X; = x| Pr(M; = m, X; = x)
Ci=c | M;=m,X; =x)
= x Pr(C; =c| M; =m, X; = x)
PIPIL e |
1

“Pr(Si=1]C;=,M; =m, X; = x)
XE[&S-TYZ- | Ci =¢,M; =m, X; = x| Pr(M; = m, X; = x)

C; =c | M; =m, X; =x)
= xPr(C; =c|M; =m,X; =x)
m%/:vb;\f Ci=c|M; =m,X; =x)

1
XPr(Si: 1 ‘ Cz :c,Mi:m,Xi:x)
XE[(ST'Y- |Si=1,Ci =c¢,M; =m,X,; =x|Pr(M; = m,X; = x)

XPI"(SZ':1|C¢:C,M1':H1,X¢:X)

B i = | M; =m,X; = Xx) B
= Z Z Ci— M, —m. X, = x) x Pr(C; =c| M; =m,X; =x)
meM xex
1
Pr(S;i=1|C;=c,M;=m,X; =
Pr(Sizl\Ci:c,Mi:m,Xi:x)X r(l | ! . ! 1, A X)
1

Pr( =118=1C=¢M;, =m,X; =x)
xE[T;Y; | Si=1,Ci =c,M; =m, X; = x| Pr(M; = m, X; = x)









Proof. Due to the weak law of large number,
1 ~ ~
i > AG(X;, M) - 61(X;5, M)}
jeP*

LN § § {EY; | T;=1,M;=m,X; =x,5=1,Ci=¢) —E(Y; | T; =0,M; =m,X; =x,8; =1,C; = ¢)}
meM xex
xPr(M; =m, X, =x|C; =c")

= Ep[YiT =1,¢") ~ Yi(T = 0,¢")],
where we used Theorem Al in the final equality. This completes the proof. O
H.2.4 Doubly Robust Estimator

To account for potential model misspecification, we explicitly parameterize the outcome models
and sampling weights. First, we define outcome models with a finite dimensional parameter
& g1(M;, X5 &) and g1 (M, X5 &p). We use £* to denote correctly specified outcome models,
that is,

go(M;, X3 &) =E(Y; | T = 0,M;, X, 8, = 1,05 = ). (7)

Similarly, we define sampling weights as a finite dimensional parameter ¢; 6(M;, X;; 9 ¢) and

m(M;, X;;1s). We use 1* to denote correctly specified sampling weights, that is,

1
Pr(S;=1|C; =c,M;,X;)
Pr(C; = ¢* | M;, X;)
Pr(C; = c| M;, X;)
Then, using these extended sampling weights and outcome models, we propose the augmented
IPW (AIPW) estimator as follows.

(M, X 95) =

O(M;, X3 9¢) =

Theorem A5 (Double Robustness of AIPW Estimator)
Consider the following AIPW estimator.
S O(M;, Xy )T (M, Xy 905)8i1{Cs = e} SiTAY: — g1 (M, Xi;€1)}
S O(M, Xy o) m(My, X3 95)6;1{C; = ¢} SiT
S O(M, X o) m(Mi, Xi; ¥s) (1 = 8:)1{Ci = ¢}Si(1 — TH){Yi — go(Mi, Xi;§0)}
S O(M, X3 vho)m (M, X3 ¥s) (1 — 6;)1{Ci = ¢} Si(1 — Ty)
X UG = ¢ Ho (M X &) — g0 (M Xis o)}
Zil 1{C; = ¢*}

where we use R to denote the sum of the sample size in the experiment (n) and in the target

TAIPW =

)

population data (N). Then, if the outcome models or sampling weights are correctly specified,

the ATPW estimator is consistent. Formally,

it {&%¢, and &2¢} o {YeBys, and s D s,

Tarew = Eps [Yi(T = 1,¢") = Yi(T =0,¢*)], as R — oco.






Next, we consider cases under which the outcome models are correctly specified. In this

case, we have

S G = Ha (M, Xa) — Go(M, X))
Y, G = et}
2y Ep-[Yi(T =1,¢") = Yi(T = 0,¢%)]. (15)

Therefore, we need to verify that
P O(M;, X3 o) (M, Xy 95)851{Ci = c}SiTi{Y; — g1 (M, X5 60)} p
SR O(My, X the)m (M, X3 95)8:1{C; = ¢} SiT;
SR oM, X be)m(My, Xi;1s) (1 — 6:)1{C; = ¢}Si(1 — Ti){Yi — go(M;, Xy &)} P
SR O(M, Xy 9he)m(My, X3 9s) (1 — 6;)1{C; = ¢}Si(1 — T;)

Now, using the weak law of large number, we obtain

=0

R R
1 ~ ~
= Z Z (M, X3 Pe)m(My, X3 95)6,1{C; = c}SiTi{Y; — g1(My, X361)}
=1 1=1
B E[O(M;, X3 vhe)m(My, X5 ¥5)8;1{C; = c}SiTAY; — g1(My, X5 07) .
Now, we can rewrite the expression as follows.

E[0(M;, X;; Ye)m(M;, Xi395)8;1{C; = e} SiTi{Y; — g1(M;, X397) }]

= > > EOMM, X v0) (Mg, Xiihs)61{C;s = c}SiTi{Y; — g1 (M, Xi5967)} | My = m, X;; = x]
meM xeX
x Pr(M; = m, X; = x)

= D > EBIT{Y; — 1My, Xi;99)} | S = 1,05 = ¢, M = m, X; = x]
meM xeX
x8;0(M;, X3 ¥c)m(M;, X5 s) X Pr(S; = 1,C; = ¢ | M; = m, X; = x) Pr(M; = m, X; = x)
= > D AEY T =1,8=1C =c,M;=mX,; =x] — g1 (M, Xi;97)}
meM xeX
x0(M;, Xi; o) (Mg, Xi;1s) x Pr(S; =1,C; = ¢ | M = m, X; = x) Pr(M; = m, X; = x)

which provides the desired result for the treatment group. We can use the similar proof for
the expression for the control group. Therefore, this provides the proof for cases when the

outcome models are correctly specified. This completes the proof. O
H.3 Proofs for Sign-Generalization

H.3.1 Proof: A Valid Test of the Union Null is valid for the Target Null.

We want to show that the under the target null Hy : Ep{Y;*(T = 1,¢) - Y*(T' = 0,¢)} <0,

Pr(p < a) < «a where p = max; pr and each p-value is valid for its corresponding null
hypothesis.









